We recently analyzed the voltage of the memristic circuit proposed by Muthuswamy and Chua by adding an external sinusoidal oscillation γω cos ωt to theẏ(t) ≃i L (t), when theẋ(t) ≃v C (t) is given by y(t)/C. When f s < f d we have observed that the Hölder exponent of the system with C = 1 is larger than 1, and that of the system with C = 1.2 is less than 1. The latter system is unstable, and the route to chaos via the devil's staircase is observed.
Introduction
In 1998, Dos Santos studied the system that follows Φ n+1 = Φ n + 2πΩ + c sin Φ n , which is obtained from Van der Pol's oscillator perturbed by external oscillation [1] . He defined f (Φ) = Φ + 2πΩ + c sin Φ on [0, 2π], which is known as the Morse-Smale diffeomorphic function when c < 1 [2] . When we calculate the derivative with respect to Φ, we obtain f ′ (Φ) = 1 + c cos Φ.
When c > 1, there appear several values of Φ, where f ′ (Φ) = 0. When there are degenerate states in nonlinear systems, transition to another manifold of orbits becomes possible and complicated chaotic behavior becomes observable. The transition to chaos occurs via appearance of devil's staircase pattern in the structure of frequency of oscillation pattern.
In non linear circuit, mechanisms of appearance of oscillation including devil's staircase pattern of oscillation were studied [3] . In 2010, Muthuswamy and Chua [4] showed that a system with an inductor, capacitor and non-linear memristor can produce a chaotic circuit. The three-element MuthuswamyChua system with the voltage across the capacitor x(t) = v C (t), the current through the inductor y(t) = i L (t) and the internal state of the memristor z(t) [5] , satisfy the equatioṅ
The flow curvature manifold of the memristor was studied in [6] and [7] . They modified the sign ofż from that of [4] , which does not make differences in the topological structure, and adopted the system as follows;
z = y + αz − y z.
They defined the vector field
and observed that when α = 0, H = x + log(1 − z) is a first integral, and the system has the Darboux type integrability. When α = 0, they did not find Dorbeaux type first integrals. Zhang and Zhang [8] showed, if α > 0 and the system has a periodic orbit or a chaotic attractor, the orbit must intersect both the planes z = 0 and z = −1 infinitely many times as tends to infinity. As a byproduct, they got unstable invariant behaviors under small perturbations.
We added a small perturbation of F = γ sin ωt to the Muthuswamy-Chua system [9] and considered the coupled differential equation, using parameters L = 3.3, α = 0.2, β = 0.5 and C = 1 and C = 1.2.
When the stability condition
is obtained. The changing of the surface of the solution occurs when dy dt = dz dt = 0, or y(t) + Cγω cos ωt = 0 which is structurally same as eq. (1). We fixed γ = 0.2, and chose C = 1 and C = 1.2. We observed standard devil's staircase structure when C = 1, but complicated chaotic behavior when C = 1.2. The qualitative behavior of the chaos is a function of the amplitude of the perturbation in Dos Santos's system and that of perturbed memristic current are the same, but in Dos Santos's case, perturbation is c sin Φ while in the memristic current case, it is γ sin ωt, in which ω is given.
The single period output of the memristor
In this section, we show the single period output y(t) whose angle frequency ω is chosen in the middle of the largest window in the bifurcation diagram ω = 0.59rad/s in the case of C = 1 and ω = 0.535rad/s in the case of C = 1.2.
As shown in Fig.1 and Fig.2 , above the largest window, a bifurcation diagram shows another single period output y(t) and between the two single period output, there is a double period output. In Fig.3 we show the experimental result of the output wave function (w.f.) y(t) as a function of the input w.f. F (t) = γ sin ωt. We use C n = 1nF,L n = 330mH, α 10kpot = 5kΩ, β 5kpot = 0.5k,γ = 200mV in the experiment [9] , anduse the notation C = 1, L = 3.3, α = 0.2, β = 0.5, γ = 0.2 in the simulation. The frequency in the experiment is f = ω 2π .
In Fig.4 we show the time series of y(t) and F (t). The computer simulations of the two w.f. are shown in Fig.5 .
The corresponding data obtained by using C = 1.2 are given in Figs.6,7, 8. We use C n = 1.2nF,L n = 330mH, α 10kpot = 5kΩ, β 5kpot = 0.5k,γ = 200mV in the experiment and C = 1.2, L = 3.3, α = 0.2, β = 0.5, γ = 0.2 in the simulation.
We observe the output w.f. y(t) as a function of input F (t) is not smooth in the set C = 1.2 as compared with the case of the set C = 1. The frequency ω is defined by the output number of frequency N d (t) as [10] 
and there is a proposal to measure it using Hilbert-transform [11] , but we measure it using a more convenient method as follows. We choose a relatively long period and plot the output function y(t) and the input function F (t) = γ sin ωt. We choose two neighbouring points on which the peaks of the two wave functions overlap, and measure this period τ . We evaluate the number of frequency N d (τ ) that the wave y(t) takes its maximum, we make an average T d = τ /N d (τ ) and define ω res = 2π/T d , and take it as an approximation of ω. The numerical simulation result of f d = 1, f s = 2 oscillation at C = 1 and ω = 1.155rad/s is given in Fig.11 .
We analyzed the same type of oscillation in the case of C = 1.2 at ω = 1.049rad/s. The experimental results of C = 1 at ω = 0.86rad/s is given in Figs.12 and 13. The bifurcation diagrams of C = 1 show that there is a double period output near ω = 0.8rad/s (cf. Fig.14) . This state corresponds to the
The experimental results of C = 1 at ω = 0.86rad/s are given in Figs.15, 16. Since we have different frequencies in F (t) and y(t), the overlap of F (t) and y(t) is relatively complicated but the ratio 4 3 can be easily checked and The Devil's staircases in high frequency region which have W = 3/2 and 2/1 of C = 1 and that of C = 1.2 are qualitatively the same. Below ω = 0.5rad/s, in the case of C = 1, we observe hidden attractors near ω = 0.42rad/s (Fig.21) , but in the case of C = 1.2, we do not find stable hidden attractors ( Fig.22) . 
Hölder exponent α H of the difference of the rotation number ν of memristor
When C = 1.2, it appears Farey sequences, and it allows to measure rotation numbers. In the case of the model of Dos Santos, rotation number is defined by
Dos Santos [1] and Planat [12] considered
where x and y are two points in the space of (c, Ω). It was shown [12] that the system is stable when the Hölder exponent α H > 1, and unstable when α H < 1 and chaotic when c > 1.
In the low-frequency region covered in Fig.23 of [9] , i.e. the C = 1.2 case,
we take x = Ω(x) = 2 3 and y = Ω(y) = 3 4 . We define ν(x), ν(y) as the Farey sequence
We find ||ν(x) − ν(y)|| = || This difference of α H explains that the system of C = 1.2 is chaotic, but C = 1 is not.
Discussion and Conclusion
We studied the devil's staircase structure in the Muthuswamy-Chua's memristic circuit perturbed by a sinusoidal circuit. When the amplitude of the external current is C = 1.2, we observed chaotic behavior superposed on the devil's staircase. Nevertheless, when it is C = 1, standard devil's staircase structure is observed.
In the case of Dos Santos's model, Φ changed in the region [0, 2π] and the number of solution of 1 − c sin Φ = 0 which depends on c > 1 or c < 1 was important. In the case of memristic current, the qualitative difference of the rotation number ν(x) as the amplitude of external perturbation occurs from qualitative difference of the time dependence of current y(t) in the case of C = 1.2 and C = 1. We observed Farey's sequence of W = q + Q p + P in the ratio of the frequency of the driving oscillation f s and that of the response f d . Furthermore, we measured the difference of the rotation number ||ν(x) − ν(y)|| and that of ||Ω(x) − Ω(y)|| and α H = log ||Ω(x)−Ω(y)|| (||ν(x) − ν(y)||).
In the case of C = 1 we obtained α H > 1, while in the case of C = 1.2 we obtained α H < 1. The system of C = 1.2 is unstable and chaos is observed, while in the case of C = 1 clear devil's staircase was observed. The origin of this difference is not clear, but it coincides with the difference of the structure of output w.f. y(t) as a function of input w.f. F (t).
